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Abstract
The existence of two solutions, a positive and a negative, for a nonlinear fourth order equation with nonlinear
boundary conditions is considered. The problem models the bending equilibrium of extensible beams on nonlinear
elastic foundations.
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1. Introduction
In this note we show the existence of multiple solutions for a class of fourth order equation of the type

uiv(x) − m(‖u′‖22) u′′(x) = f (x, u(x)), 0 < x < 1,
u′′(0) = u′′(1) = 0,
u′′′(0) − m(‖u′‖22) u′(0) = −g(u(0)),
u′′′(1) − m(‖u′‖22) u′(1) = g(u(1)),
(1.1)
where m ∈ C(R+), f ∈ C([0, 1] × R), g ∈ C(R) are real functions, and ‖u′‖22 =
∫ 1
0 |u′(s)|2ds.
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This kind of problem arises in the theory of bending extensible elastic beams on nonlinear elastic
foundations. The solution u = u(x) represents a thin extensible elastic beam which is resting on two
elastic bearings located at its ends, given by the function g. The function f acts as a force exerted on
the beam by the foundation. Then the problem models the bending equilibrium of the system. We refer
the reader to [1,6,8,10] for a discussion about Kirchhoff type strings and beams. Fourth order problems
with nonlinear boundary conditions involving third order derivatives were considered by several authors,
e.g., [2–5,7–9]. Among them, positive solutions were only discussed in [9], for a related problem with
m = 0. Our objective is to establish an existence result for positive solutions of (1.1), with m = 0, which
is essentially different from the ones in [9].
It is worth noting that in the applications the function m is required to be a line with positive slope.
Our main result allows m to have this property.
Theorem 1. Suppose that m ≥ 0 and that f, g satisfy the sign conditions f (x, s)s ≥ 0 and g(s)s > 0.
Suppose also that there are λ,µ > 0 such that
lim sup
|u|→∞
f (x, u)
u
≤ f∞ < λ and lim inf|u|→∞
g(u)
u
> µ, (1.2)
with
min{1, µ} − λθ > 0, (1.3)
where θ > 0 is the embedding constant for H 2(0, 1) ↪→ L2(0, 1). Then problem (1.1) has at least one
solution. If in addition, there are α, β > 0 such that
lim inf
u→0
f (x, u)
u
≥ f0 > α and lim sup
u→0
g(u)
u
< β, (1.4)
with
β − α
2
< 0, (1.5)
then problem (1.1) has at least two nonzero solutions, one positive and one negative.
2. Positive solutions
Our argument for obtaining positive solutions is based on the following lemma.
Lemma 1. Suppose that g(s)s ≥ 0. Then if f ≥ 0, any solution u of the problem (1.1) is non-negative.
In addition, if u = 0, then u > 0. On the other hand, if f ≤ 0 then any nonzero solution of problem (1.1)
is negative.
Proof. Assume f ≥ 0. By integration we obtain from (1.1) that
g(u(0)) = m
(∫ 1
0
|u′(s)|2ds
)
(u(1) − u(0)) +
∫ 1
0
(1 − x) f (x, u(x)) dx, (2.1)
g(u(1)) = m
(∫ 1
0
|u′(s)|2ds
)
(u(0) − u(1)) +
∫ 1
0
x f (x, u(x)) dx . (2.2)
So, if u(0) ≤ u(1), one gets from (2.1) that g(u(0)) ≥ 0. From the sign assumption on g one has
u(0) ≥ 0 and therefore u(1) ≥ 0. If u(1) ≤ u(0) then from (2.2) we also infer that u(0) ≥ 0, u(1) ≥ 0.
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Now, let us put
v = u′′ − m
(∫ 1
0
|u′(s)|2ds
)
u. (2.3)
Then v′′ = f ≥ 0, and since u′′(0) = u′′(1) = 0, we also get v(0) ≤ 0 and v(1) ≤ 0, so that the
maximum principle implies that v ≤ 0. Therefore
u′′ − m
(∫ 1
0
|u′(s)|2ds
)
u ≤ 0, 0 < x < 1, u(0) ≥ 0, u(1) ≥ 0,
and the result follows again from the maximum principle.
The second part of the lemma, concerned with f ≤ 0, is proved in an analogous way. 
As discussed in [8], (classical) solutions of problem (1.1) are critical points of the C1 functional
Ψ : H 2(0, 1) → R defined by
Ψ (u) = 1
2
‖u′′‖22 +
1
2
M(‖u′‖22) −
∫ 1
0
F(x, u(x)) dx + G(u(0)) + G(u(1)),
where
M(t) =
∫ t
0
m(s) ds, F(x, t) =
∫ t
0
f (x, s) ds and G(t) =
∫ t
0
g(s) ds.
In addition,
〈Ψ ′(u), ϕ〉=
∫ 1
0
u′′(x)ϕ′′(x) dx + m(‖u′‖22)
∫ 1
0
u′(x)ϕ′(x) dx
−
∫ 1
0
f (x, u(x))ϕ(x)dx + g(u(0))ϕ(0) + g(u(1))ϕ(1),
for all u, ϕ ∈ H 2(0, 1). In H 2(0, 1) we consider the equivalent norm
‖u‖2H 2 = ‖u′′‖22 + |u(0)|2 + |u(1)|2.
In order to find critical points for Ψ we show that it is bounded from below and satisfies (PS),
the Palais–Smale compactness condition. We recall that (un) is a Palais–Smale sequence if Ψ (un) is
bounded andΨ ′(un) → 0. If any Palais–Smale sequence has a convergent subsequence, then one simply
says that Ψ satisfies (PS).
Lemma 2 ([8]). Every bounded Palais–Smale sequence of Ψ has a convergent subsequence.
Proof. Let un be a bounded Palais–Smale sequence ofΨ . Then from the compact embedding of H 2(0, 1)
in H 1(0, 1) and C[0, 1], going to a subsequence if necessary, there exists u such that (un) converges to
u weakly in H 2(0, 1) and strongly in both H 1(0, 1) and C[0, 1]. Thus,
m(‖u′n‖22)
∫ 1
0
u′n(un − u)′ dx +
∫ 1
0
f (x, un)(un − u) dx → 0
and
g(un(0))(un(0) − u(0)) + g(un(1))(un(1) − u(1)) → 0.
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Since (un) is a Palais–Smale sequence, we know that 〈Ψ ′(un), un − u〉 → 0, and then from the above
limits∫ 1
0
u′′n(un − u)′′ dx → 0.
From this we infer that ‖un − u‖H 2 → 0. 
Proof of Theorem 1. Let us truncate f by putting f (x, u) = f (x, u+) and F(x, u) = ∫ u0 f (x, s) ds.
We seek critical points of Ψ+, the corresponding functional with F replaced by F . Note that we do not
truncate g.
The assumptions (1.2) give, for some C > 0,
Ψ+(u)≥ 1
2
‖u′′‖22 −
λ
2
‖u‖22 +
µ
2
(|u(0)|22 + |u(1)|2) − C
≥ 1
2
min{1, µ}‖u‖2H 2 −
λθ
2
‖u‖2H 2 − C → ∞,
as ‖u‖H 2 → ∞, because (1.3) holds. Then any (PS) sequence of Ψ+ is bounded and by Lemma 2 (PS)
holds. Hence Ψ+ has a global minimum, say u1, which is a solution of problem (1.1) with f replaced
by f .
Now noting that f (x, u1) ≥ 0, we see from Lemma 1 that u1 ≥ 0, and therefore f (x, u1) = f (x, u1),
showing that u1 is in fact a solution of problem (1.1). However, this solution could be zero.
We are going to show that u1 is nonzero. In fact, for t > 0 small, one has from (1.4) and (1.5) that
Ψ+(t) = −
∫ 1
0
F(x, t) dx + 2G(t) ≤ −α
2
t2 + βt2 < 0.
Since Ψ+(0) = 0, it follows that u1 = 0. From Lemma 1 we see that u1 > 0 is a solution of problem
(1.1).
In an analogous way, replacing f (x, u) by f˜ (x, u) = f (x, u−(x)), we conclude that problem (1.1)
also has a negative solution u2. 
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